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Abstract
Within the framework of the minimum quadratic Poincare gauge theory
of gravity in the Riemann-Cartan spacetime the dynamics of homogeneous
anisotropic Bianchi types I-IX spinning-fluid cosmological models is investi-
gated. A basic equation set for these models is obtained and analyzed. In
particular, exact solutions for the Bianchi type-I spinning-fluid and Bianchi
type-V perfect-fluid models are found in analytic form.
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I. INTRODUCTION
As is well known in the modern theories of fundamental physical interactions the princi-
ple of local gauge symmetry takes the most important position. On the basis of this principle
some unified gauge theories - the Weinberg-Salam theory, quantum chromodynamics, Grand
Unified theories, etc. - that successfully describe electromagnetic, weak, and strong inter-
actions of elementary particles, are constructed and carefully studied. Therefore, it seems
natural and attractive to construct the theory of gravity as the gauge theory of spacetime
symmetries and to study its consequences. During the last 35 years various versions of gauge
theory of gravity have been suggested and investigated. These theories differ one from an-
other by the choice of the gauge group (Lorentz, Poincare, de Sitter, metric-affine, etc.) and
gravitational Lagrangian (linear, quadratic ...). However, the importance of the Poincare
symmetry in particle physics lead one to consider the Poincare gauge theory (PGT) (see
[1-5]) as the most suitable for description of the gravitational interaction.
In the PGT the gravity is described by two set of gauge fields: the tetrad fields hiµ ,
and the Lorentz connection coefficients Aikν , the spacetime continuum is represented by a
four-dimensional differentiable Riemann-Cartan manifold U4.
The corresponding gauge field strength tensors are the torsion:
Siµν = ∂[νh
i
µ] − hk[µA
ik
ν],
and the curvature:
Fikµν = 2∂[µA
ik
ν] + 2A
ij
[µA
k
|j|ν].
The sources of the gravitational field in this theory are the canonical energy-momentum
tensor (EMT) ti
µ, and the tetrad spin current (TSC) Jik
ν .
Investigation of gravitating systems in the approximation of homogeneous isotropic
spaces shows, that by including in the gravitational Lagrangian the terms quadratic in the
curvature and torsion tensors the PGT allows to prevent the appearance of the gravitational
singularity with infinite energy density [3, 5-8]. In connection with avoiding the cosmological
2
singularity problem, the study of more general homogeneous anisotropic models in the PGT
is of certain interest.
In this article we shall study the dynamics of homogeneous anisotropic models within the
framework of the so-called minimum quadratic (Poincare) gauge theory of gravity (MQGT)
- the simple version of the PGT with the following gravitational Lagrangian:
Lg = h(−χ + f0F + αF
2), Fµν = F
λ
µλν , F = F
µ
µ, (1)
where h = dethiµ, F is the scalar curvature of the Riemann-Cartan spacetime U4,
f0 = (16piG)
−1, (G is the Newton’s gravitational constant), χ is a cosmological term,
and α < 0 is a dimensionless coefficient (in the sequel we use all the notations of [9-12]
unless otherwise stated). As was shown in [5, 9] the MQGT satisfies all restrictions following
from the simultaneous consideration of the quantization problem (the theory without ghosts
and tachyons) [13], Birkhoff’s theorem [14], and the problem of cancelling the metric singu-
larity in the homogeneous isotropic cosmological models [6]. Satisfying the correspondence
principle with General Relativity (GR) for the systems with rather small energy density,
the given theory gives a chance to overcome some difficulties of GR, which appear on the
description of gravitating systems under extremal conditions (extremely high energy density,
spinning matter...).
The paper is organized as follows. In section 2, for spinning-fluid systems we obtain
the gravitational equations of MQGT in the synchronous frame of references. In section
3, we derive the equations of motion for Bianchi models in the MQGT. In section 4 and 5
we find analytic solutions of the obtained basic equation set in the simple cases: Bianchi
spinning-fluid type-I and Bianchi perfect-fluid type-V models, respectively. Some interesting
properties of the found solutions are analyzed in section 6.
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II. MQGT IN THE SYNCHRONOUS FRAME OF REFERENCE.
By independent variation of Lagrangian (1) with respect to gauge fields hiµ, and A
ik
ν
we obtain two field equations of MQGT in the form:
2(f0 + 2αF)F
µ
i − (f0 + αF)Fh
µ
i + χh
µ
i = −t
µ
i, (2)
2∇ν [(f0 + 2αF)h[i
µhk]
ν ] = −Jik
ν . (3)
It follows from (2) that F = 1
2f0
(tµµ + 4χ). Then, it is easily to solve eq. (3):
Sλµν = (1− 4βχ− βt
σ
σ)
−1
(
−
1
2f0
(Jµν
λ + δλ[µJν]σ
σ) +
β
2
δλ[µ∂ν]t
σ
σ
)
. (4)
By virtue of (4), after some simple transformations (see Ref. [9]) we can represent (2)
in the form of the Einstein’s equation with the effective EMT Tλµeff constructed from EMT
tµi and TSC Jik
ν as:
Gλµ({}) = −
1
2f0
Tλµeff , (5)
where Gλµeff({}) is the ordinary Einstein’s tensor and
Tλµeff = (1− 4βχ− βt
σ
σ)
−1
[
Tλµ −
β
4
gλµ(tσσ + 4χ)
2 + χgλµ +
1
2f0
(
1− 4βχ−
−βtσσ
)−1[
− 4Jλσ [ρJ
µρ
σ] − 2J
λσρJµσρ + J
σρλJσρ
µ +
1
2
gλµ(4Jν
ρ
[σJ
νσ
ρ] + J
νσρJνσρ)
]]
+
+2f0
[
∇˜µ∂λM−
1
2
∂µ∂λM− gλµ(∇˜σ∂
σM+
1
4
∂σM∂
σM)
]
, (6)
where M = ln|1− 4βχ− βtσσ|, β = −
α
f 2
O
> 0, Tλµ = tλµ + (∇ν + 2Sν)(J
µλν + Jλνµ + Jµνλ),
Sν = S
σ
σν , ∇ν and ∇˜ν denote covariant derivatives calculated by means of the total
connection Γλµτ and the Christoffel symbols γ
λ
µτ respectively.
As the source of gravitational fields we consider the perfect fluid with angular spin
momentum (spinning fluid). In [15-18] a variational formalism for relativistic dynamics of
spinning fluid was developed in the Riemann-Cartan spacetime. In the simplest spinning
fluid model the canonical EMT tλµ and TSC Jµν
λ take the following form:
tλµ = (ρ+ p)uλuµ − pgλµ + jλτu
µuσ∇σu
τ , (7)
4
Jµν
λ =
1
2
jµνu
λ, (8)
where ρ is the invariant energy density, p ia the pressure, uµ is the 4-velocity vector,
jµν = −jνµ is the spin density tensor. By using the relations: jµνu
ν = 0 from (7) we get
tσσ = ρ− 3p . Then, the torsion tensor (4) can be rewritten as
Sλµν = (1− 4βχ− βt
σ
σ)
−1
(
−
1
4f0
jµνu
λ +
β
2
δλ[µ∂ν]t
σ
σ
)
. (9)
In view of (7)-(9) and the equations of rotational motion (see [15,16]) the effective EMT
Tλµeff can be transformed to the form:
Tλµeff = (1− 4βχ− βt
σ
σ)
−1
[(
ρ+ p−
j2
4f0
(1− 4βχ− βtσσ)
−1
)
uλuµ − gλµ
(
p− χ+
+
β
4
(tσσ + 4χ)
2 −
j2
8f0
(1− 4βχ− βtσσ)
−1
)
+ jν(λuµ)∂νM− u
νuτu(µ∇˜ν j
λ)
τ−
−∇˜ν(j
ν(λuµ))
]
+ 2f0
[
∇˜µ∂λM−
1
2
∂µM∂λM− gλµ(∇˜ν∂
νM+
1
4
∂νM∂
νM)
]
, (10)
where j2 = 1
2
jµνj
µν .
Following [19] we rewrite the MQGT gravitational equations in the synchronous frame
of reference, in which the spacetime metric takes the form:
ds2 = dt2 − γαβdx
αdxβ, (11)
where t is a synchronous time, xα− spatial coordinates (first greek letters α, β ... pass
values 1, 2, 3). As in [19] let us introduce the notation:
Hαβ = γ˙αβ (12)
(a dot denotes differentiation with respect to the synchronous time t ). The quantities Hαβ
make up a 3-dimensional tensor, raising or lowering of one’s indices, and so the covariant
differentiation is calculated by the 3-metric γαβ. In terms of γαβ and Hαβ the Einstein
tensor’s components can be expressed as:
G00 =
1
8
HαβH
β
α −
1
8
γ˙
γ
Hαα −
1
2
Pαα ,
5
G0α =
1
2
(∇˜αH
β
β − ∇˜βH
β
α),
Gβα =
1
2
H˙βα +
1
4
γ˙
γ
Hβα + P
β
α −
1
2
δβα(H˙
δ
δ +
1
4
γ˙
γ
Hδδ +
1
4
HγδH
δ
γ + P
δ
δ ), (13)
where γ = det(γαβ), P
β
α is a 3-dimensional Ricci tensor constructed from γαβ. Concerning
the source of gravitational field we will consider only the case of rest matter, when u0 =
1, uα = 0, (hence we have jµ0 = 0). Using these relationships we obtain the following
expressions for the components of Tλµeff in the synchronous frame of reference:
T00(eff) = (1− 4βχ− βt
σ
σ)
−1[ρ+ χ−
β
4
(tσσ + 4χ)
2 −
1
8f0
j2(1− 4βχ− βtσσ)
−1]−
− 2f0(
1
2
M˙Hαα −
3
4
M˙2),
T0α(eff) = −
1
2
(1− 4βχ− βtσσ)
−1∇˜βj
β
α,
Tβα(eff) = −(1 − 4βχ− βt
σ
σ)
−1
[
[p− χ+
β
4
(tσσ + 4χ)
2 −
1
8f0
j2(1− 4βχ− βtσσ)
−1]δαβ−
−
1
4
(Hγαj
β
γ +H
β
γ j
γ
α)
]
+ 2f0
[1
2
M˙Hβα + (− M¨ +
1
2
M˙Hγγ +
1
4
M˙2)δβα
]
. (14)
Note that covariant differentiation ∇˜ of the quantity jβα in the expression of T
0
α(eff)
is calculated by the 3-metric γαβ.
III. BIANCHI MODELS IN THE MQGT: A BASIC EQUATION SET
Let us proceed to derive the equations of motion for homogeneous anisotropic (Bianchi)
cosmological models. Homogeneity of the 3-space implies invariance of the spatial metric:
dl2 = γαβdx
αdxβ
at each fixed moment of time t with respect to the 3-dimensional group of motion G3
(see [19-21]). So that local characters of homogeneous anisotropic models are determined
fully by types of the corresponding motion’s group G, which was classified by Bianchi with
respect to independent sets of the structure contants Ccab . Here and later on, the first latin
letters a, b, c... take the values 1, 2, 3 and number of the basis’s vectors.
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Let Xa = e
α
a
∂
∂xα
, (a = 1, 2, 3) be generators of G, that satisfy the following commutation
relations:
[Xa,Xb] = C
c
abXc, (15)
where eαa are the basis’s vectors of a 3-dimentional space with the metric γαβ . As we see
from (15) the structure constants are antisymmetric in their lower indices: Ccab = −C
c
ba,
and satisfy the Jacobi identity:
CeabC
d
ec + C
e
bcC
d
ea + C
e
caC
d
eb = 0.
We also introduce basis’s vectors eaα that satisfy the relationships:
eaαe
α
b = δ
a
b ; e
α
ae
a
β = δ
α
β . (16)
Expanding the spatial metric with respect to the basis (eαa) we obtain the following
time-dependent functions:
ηab(t) = γαβe
α
ae
β
b. (17)
The Bianchi classification of homogeneous spaces reduces to determining all nonequiva-
lent sets of structure constants. In place of the three-index constants we introduce a set of
two-index quantities, defined by the dual transformation: Ccab = εabdC
dc, ( εabc = ε
abc is
the unit antisymmetric symbol with ε123 = 1. Following [22], we decompose nonsymmetric
Cab into a symmetric tensor nab and a vector ac as:
Cab = nab + εabcac.
It is easy to diagonalize the symmetric tensor nab ; let n1, n2, n3 be its eigenvalues. It
then follows from the Jacobi identity that if aa exits it is an eigenvector of n
ab corresponding
to a zero eigenvalue:
nabaa = 0.
Without loss of generality the vector aa can be written as aa = (a, 0, 0) with n1a = 0.
Then, we get either n1 or a is equal to zero. Bianchi models with a = 0 were defined by
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Ellis and MacCallum as A-class models, also known as tensor models. Bianchi models for
which n1 is set equal to zero are known as B-class models - vector models. By rescaling
the operators X1, X2, X3 one can set the eigenvalues n1, n2, n3 to be equal to 0,±1. The
classification of these models is given in the tables A, and B, respectively (see [19-20]):
Table A: Classification of A-class models (a = 0)
Type n1 n2 n3
I 0 0 0
II 1 0 0
V II0 1 1 0
V I0 1 −1 0
IX 1 1 1
VIII 1 1 -1
Table B: Classification of B-class models (n1 = 0)
Type a n2 n3
V 1 0 0
IV 1 0 1
III 1 -1 1
V Ih a > 0 −1 1
V IIh a > 0 1 1
By virtue of (12) and (15)-(17) the expansions of Hβα, P
β
α , (∇˜αH
β
β − ∇˜βH
β
α), and ∇˜βj
β
α
with respect to {eαa} lead to the following expressions (see [19]):
Hab = H
β
αe
α
ae
b
β = η
acη˙bc, H
a
a = H
α
α, (18)
Pba =
1
2η
[
2CbdCad + C
dbCad + C
bdCda − C
d
d(C
b
a + Ca
b) + δba[(C
d
d)
2 − 2CcdCcd]
]
, (19)
eαa(∇˜αH
β
β − ∇˜βH
β
α) = H
c
b(C
b
ca − δ
b
aC
d
dc), (20)
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eαa(∇˜βj
β
α) =
1
2
jbcCab
c − jbaC
c
bc, (21)
where η = det(ηab), j
b
c = j
β
γe
γ
ce
b
β. and, in accordance with the general rule:
Cba = ηacC
cb; Cab = ηacηbdC
cd.
Substituting (17)-(21) to the expressions (13), (14) we find the following expansions of
the components of Gλµ and Tλµeff with respect to the basis {e
a
α} :
G00 =
1
8
(
HabH
b
a −
η˙
η
Haa − 4P
a
a
)
,
G0a =
1
2
Hcb(C
b
ca − δ
b
aC
d
dc),
Gba =
1
2
H˙ba +
1
4
η˙
η
Hba + P
b
a −
1
2
δba
(
H˙cc +
1
4
η˙
η
Hcc +
1
4
HcdH
d
c + P
c
c
)
, (22)
T00(eff) = (1−4βχ−βt
σ
σ)
−1
[
ρ+χ−
β
4
(tσσ+4χ)
2
]
−
j2
8f0
(1−4βχ−βtσσ)
−2−2f0(
1
2
M˙Haa+
3
4
M˙2),
T0a(eff) = −
1
2
(1− 4βχ− βtσσ)
−1
(1
2
jbcCab
c − jbaC
c
bc
)
,
Tba(eff) =
[
− (1− 4βχ− βtσσ)
−1
[
p− χ+
β
4
(tσσ + 4χ)
2
]
+
j2
8f0
(1− 4βχ− βtσσ)
−2
]
δba−
−
1
4
(1− 4βχ− βtσσ)
−1
(
jc
bHca + j
c
aH
b
c
)
− 2f0
[(
M¨ +
1
2
M˙Hcc +
1
4
M˙2
)
δba −
1
2
M˙Hba
]
. (23)
Thus, we obtain the MQGT basic equation set describing the dynamics of Bianchi (types
I-IX) spinning-fluid cosmological models, written in the basis {eαa}, in the following form:
G00 = −
1
2f0
T00(eff), G
0
a =
1
2f0
T0a(eff), G
b
a =
1
2f0
Tba(eff), (24)
where the corresponding compononents of Gλµ and Tλµeff are determined by the expressions
(22)-(23), which contain only the time-dependent functions.
Note that these equations reduce to the corresponding equations of the Einstein-Cartan
theory in the case when β = 0, and coincide with the ordinary Einstein’s equations of GR
in the case when β = 0 and jµν = 0.
In the following sections we will study Bianchi models of types I and V, which are the
direct anisotropic generalization of the flat and the open isotropic Friedmann-Robertson-
Walker models respectively.
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IV. BIANCHI TYPE-I SPINNING-FLUID MODELS: ANALYTIC SOLUTIONS
We now study the dynamics of the simplest case of homogeneous anisotropic - Bianchi
type-I - models, when all of the structure constants Ccab = 0 (see also [12]). Then, the
metric of 3-space can be written in the diagonal form:
ηab = diag
(
r21(t), r
2
2(t), r
2
3(t)
)
. (25)
In this case we note that under the presence of spin momentum jab 6= 0 the 3-space will
be either isotropic or axially symmetric. In fact, for a 6= b we find from (22) Gab = 0 and
from (23)
Tba(eff) = −
1
4
(1− 4βχ− βtσσ)
−1
(
jc
bHca + j
c
aH
b
c
)
=
= −
1
4
(1− 4βχ− βtσσ)
−1
(
Haa −H
b
b
)
jabη
ab
(there is no sum on indexes a, b here). It follows that
( r˙a
ra
−
r˙b
rb
)
jab = 0 (a, b = 1, 2, 3; a 6= b). (26)
In the spinless matter case (jab = 0) relation (19) is automatically satisfied. If at least two
of the three components of jab are not equal to zero, then (26) implies
r˙1
r1
= r˙2
r2
= r˙3
r3
, which
leads to the isotropic 3-space: r1 = r2 = r3. If only one of the three components of jab is
nonzero, for example j12, it follows that the 3-space will be axially symmetric r1 = r2 6= r3
By analogy with GR we introduce new variables: r = (r1r2r3)
1/3, h = (r˙/r), hk =
(r˙k/rk) (k = 1, 2.3). Let us consider the general case, when t
σ
σ = ρ− 3p 6= 0.
1 Then, it
is easy to find
Hba = 2 diag( h1, h2, h3 ); η = r
6; Pba = 0. (27)
By using (27) we can rewrite (22) and (23) as
G00 =
1
2
∑3
k=1
h2k −
9
2
h2,
1The special case of radiation tσσ = ρ− 3p = 0 was carefully studied in [11].
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Gaa = h˙a − 3h˙ + 3hha −
1
2
∑3
k=1
h2k −
9
2
h2,
T00(eff) = (1− 4βχ− βt
σ
σ)
−1
[
ρ+ χ−
β
4
(tσσ + 4χ)
2
]
−
−
j2
8f0
(1− 4βχ− βtσσ)
−2 − 6f0(
1
2
M˙h +
1
4
M˙2),
T
a
a(eff) = −(1− 4βχ− βt
σ
σ)
−1
[
p− χ+
β
4
(tσσ + 4χ)
2
]
+
+
j2
8f0
(1− 4βχ− βtσσ)
−2 − 2f0
[
M¨ + M˙(3h− ha) +
1
4
M˙2
]
. (28)
After some manipulations from (24) and (28) we obtain (for the case of χ = 0 see also
[10])
hk = h + skr
−2(1− 4βχ− βtσσ)
−1;
∑3
k=1
sk = 0, (29)
[
h−
β
2
(1− 4βχ− βtσσ)
−1(tσσ)
.
]2
= (1− 4βχ− βtσσ)
−1
[
1
6f0
(
ρ+ χ−
β
4
(tσσ + 4χ)
2
)
+
+(1− 4βχ− βtσσ)
−1r−6
(
l
2 −
j2
48f 20
)]
, (30)
h˙ + 3h2 = (1− 4βχ− βtσσ)
−1
[
1
4f0
(
ρ− p + 2χ−
β
2
(tσσ + 4χ)
2
)
+
+
β
2
(
(tσσ)
.. + 5h(tσσ)
.
)]
, (31)
where sk (k = 1, 2, 3) are integration constants and l
2 = 1
6
∑3
k=1s
2
k is a measure of the
anisotropy.
In the case considered, the spin conservation law (by using the equation of rotation of
fluid in [15]) takes the following simple form:
(j). + 3hj = 0. (32)
and ”the energy-momentum conservation law” ∇˜µT
λµ
eff = 0 yields
ρ˙+ 3h(ρ+ p) = 0. (33)
From these conservation laws we obtain
r = exp
(
−
1
3
∫
dρ
ρ+ p(ρ)
)
; jr3 = J0 = const. (34)
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Assuming ρ = ρ(r), j = j(r) in accordance with (34), it is easy to find the solution of
(30) in an analytic form:
t − t0 =
∫ r
r0
Φ1(r)
Φ
1/2
2 (r)
dr, (35)
where
Φ1(r) =
3
r
[
1− 4βχ− βtσσ +
3β
2
(ρ+ p)
(
1− 3
dp
dρ
)]
,
Φ2(r) =
3
2f0
(1− 4βχ− βtσσ)
[
ρ+ χ−
β
4
(tσσ + 4χ)
2
]
+
A
r6
,
and A = 9
(
l2 −
J2
0
48f 2
0
)
. It follows from (29) that
rk = r exp
(
sk
∫
r−3(1− 4βχ− βtσσ)
−1dt
)
. (36)
Thus, under the given equation of state p = p(ρ) the analytic solutions (34)-(36) ade-
quately describe the dynamics of the Bianchi spinning-fluid models. Note that the solution
(35) makes sense only if Φ2(r) ≥ 0. For the case of vanishing cosmological term χ = 0 the
study of these solutions (for more details see Ref [23]) shows that we can construct Bianchi
type-1 cosmological models, which are regular in the metric and in the torsion, by fulfilling
the condition A < 0 (i.e. when the spin effect dominates over the effect of anisotropy). For
the case of χ 6= 0 and the linear equation of state:
p =
1− γ
3
ρ, 0 < γ ≤ 1, (37)
a complete qualitative analysis of properties of the obtained solutions is perfomed in [12] by
using methods of qualitative theory of dynamic systems [24].
V. BIANCHI TYPE-V PERFECT-FLUID MODELS: ANALYTIC SOLUTIONS.
In this section we restrict ourselves to the spinless matter case of the perfect fluid, when
jµν = 0. As was shown in [25] in the general case of Bianchi models (except for type-I) the
metrics of anisotropic models can not be diagonalized in the presence of spin momentum.
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Taking (x1, x2, x3) as local coordinates we can write the interval of Bianchi type-V
models in the diagonal form [25, 26]:
ds2 = dt2 − r21(t)dx
2
1 − e
2x1
(
r22(t)dx
2
2 − r
2
3(t)dx
2
3
)
.
For the models considered we have the following structure constants: C221 = −C
2
12 =
C331 = −C
3
13 = 1. Then, it is easy to find the following relationships:
Hba = 2diag(h1, h2, h3); η = r
6; Pba = −
2
r21
δba. (38)
By using (38) and the restriction: jab = 0 from (22) and (23) we find:
G00 =
1
2
∑3
k=1
h2k −
9
2
h2 +
3
r21
,
G01 = 2h1 − (h2 + h3),
Gaa = h˙a − 3h˙ + 3hha −
1
2
∑3
k=1
h2k −
9
2
h2 +
1
r21
,
T00(eff) = (1− 4βχ− βt
σ
σ)
−1
[
ρ+ χ−
β
4
(tσσ + 4χ)
2
]
− 6f0(
1
2
M˙h +
1
4
M˙2),
T
a
a(eff) = −(1− 4βχ− βt
σ
σ)
−1
[
p− χ+
β
4
(tσσ + 4χ)
2
]
− 2f0
[
M¨ + M˙(3h− ha) +
1
4
M˙2
]
. (39)
It is clear that equation G01 = −
1
2f0
T01(eff) = 0 leads to the relationships:
h = h1 =
1
2
(h2 + h3). (40)
It follows from (40) that r1 = r . By virtue of (40) it is easy to show that the equations
Gaa = −
1
2f0
T
a
a(eff) have the following integrals of motion:
h2 = h +
s
r3
(1− 4βχ− βtσσ)
−1; h3 = h−
s
r3
(1− 4βχ− βtσσ)
−1, (41)
and consequently
r2 = rexp
(
s
∫
r−3(1− 4βχ− βtσσ)
−1dt
)
; r3 = rexp
(
s
∫
r−3(1− 4βχ− βtσσ)
1dt
)
, (42)
where s is an integration constant and has the sense of a measure of the anisotropy. By
virtue of (40)-(41) the equation G00 = −
1
2f0
T00(eff) can be transformed to
[
h−
β
2
(1− 4βχ− βtσσ)
−1(tσσ)
.
]2
= (1− 4βχ− βtσσ)
−1
[
1
6f0
(
ρ+ χ−
β
4
(tσσ + 4χ)
2
)
+
13
+(1− 4βχ− βtσσ)
−1 s
2
3r6
]
+
1
r2
, (43)
The obtained equation is a direct generalization of the corresponding equation for open
homogeneous isotropic models in MQGT (see [6]), that is the case, when the measure of
the anisotropy s = 0. In the given case the ”energy-momemntum conservation law”
∇˜µT
λµ
eff = 0 has the same form as eq. (33). In a way similar to that of section 4 we can
find solutions of eq. (43) in an analytic form:
t − t0 =
∫ r
r0
Φ3(r)
Φ
1/2
4 (r)
dr, (44)
where
Φ3(r) =
1
r
[
1− 4βχ− βtσσ +
3β
2
(ρ+ p)
(
1− 3
dp
dρ
)]
,
Φ4(r) =
1
6f0
(1− 4βχ− βtσσ)
[
ρ+ χ−
β
4
(tσσ + 4χ)
2
]
+
1
r2
(1− 4βχ− βtσσ)
2 +
s2
3r6
,
VI. DISCUSSION
The exact solutions (37) and (44), that were found in analytic form, describe dynamics
of the spinning-fluid Bianchi type-1 and perfect-fluid Bianchi type-V respectively. The cor-
responding torsion functions have been written in (9). A brief analysis shows that the given
solutions are, in general, ”weakly singular” i.e have following properties:
- an energy density is finite at any time: ρ ≤ ρcr <∞;
- a ”volume” of ”3-space” is positive V = r3 = (r1r2r3) ≥ Vcr > 0 at any time;
- one or two of the three metric functions rk may become zero at a finite moment of time
when 1− 4βχ− β(ρ− 3p) = 0
- torsion functions diverge S(t) =∞, when 1− 4βχ− β(ρ− 3p) = 0
However, in some cases (depending on the values of the spin density, the anisotropy
measure, the cosmological constant, the parameter β , and the equation of state) we can
find truly regular solutions with finite energy density, nonzero metric functions and finite
14
torsion functions. Using methods of qualitative theory of dynamical systems we can make
a detailed analysis of properties of every possible solutions of the MQGT equations for the
models considered.
ACKNOWLEDGMENTS
We would like to thank Profs. F. Fedorov and A. Minkevich for their valuable support
during our study in Minsk. N. H. C. would like to express his gratitude to Prof. A. Zichichi
and the World laboratory for providing the fellowship and Prof. A. Ashtekar for warm
hospitality and encouragement during his stay in Syracuse.
15
REFERENCES
∗ On leave of absence from Institute of Theoretical Physics, P. O. Box 429 Boho, 10000
Hanoi, Vietnam.
† Electronic mail address: chuong@suhep.phy.syr.edu
[1] F.W. Hehl, P. von der Heyde, G. Kerlick, and M. Nester, 1976. Rev. Mod. Phys., 48,
393.
[2] D. Ivanenko, and G. Sardanasvily, 1983. Phys. Rep., 94, 1.
[3] F.I. Fedorov, and A.V. Minkevich, 1984. in “ Fundamental Interactions” Ponomarev
V.N. (ed.), MGPI, Moscow.
[4] P. Baekler, F.W. Hehl, and E.W. Mielke, 1986 in “ Proceedings of the 4th M. Grossmann
Meeting on General Relativity.” Ruffini R. (ed.), Elsevier Science Publ., Amsterdam.
[5] F.I. Fedorov, V.I. Kudin, and A.V. Minkevich, 1984 Acta Phys. Polon., B15, 107.
[6] A.V. Minkevich, 1980 Phys. Lett., A80, 232.
[7] A. Canale, R. de Ritis, and C. Tarantino, 1986 Phys. Lett., A100, 178.
[8] H. Goenner, and F. Mu¨ller-Hoissen, 1984 Class. Quantum Grav., 1, 651.
[9] A.V. Minkevich, 1986 Izv. Akad. Nauk BSSR: Fiz. Mat., No5, 100.
[10] A.V. Minkevich, Nguyen Hong Chuong, and F.I. Fedorov, 1987 Izv. Akad. Nauk BSSR:
Fiz. Mat., No1, 98.
[11] Nguyen Hong Chuong, 1989 Phys. Lett., A142, 326.
[12] Nguyen Hong Chuong, 1990 Gen. Relat. Gravit., 22, 1229.
[13] E. Sezgin, and P. van Nieuwenhuizen, 1980 Phys. Rev., D21, 3269.
[14] R. Rauch, H.T. and Nieh, 1981 Phys. Rev., D24, 2029.
16
[15] A.V. Minkevich, and F. Karakura, 1983 J. Phys., A16, 1409.
[16] A.V. Minkevich, 1985 Physical Aspects of the Gauge Approach to Gravitational Inter-
action, D.Sc. Dissertation, Byelorussian State University, Minsk
[17] W. Kopczynsky, 1986 Phys. Rev., D34, 352.
[18] Yu.N. Obukhov, V.A. and Korotky, 1987 Class. Quantum Grav., 4, 1633.
[19] L.D. Landau, and E.M. Lifshitz, 1975 The Classical Theory of Fields, Pergamon Press,
Oxford
[20] M.P. Ryan, and L.C. Shepley, 1975 Homogeneous Relativistic Cosmologies, Princeton
University Press, Princeton
[21] D. Kramer, H. Stephani, M.A.H. MacCallum, and E. Herlt, 1980 Exact Solutions of
Einstein’s Field Equations, VEB, Berlin
[22] C.G. Behr, 1962 Z. Astrophys., 54, 258.
[23] Nguyen Hong Chuong, 1986 Homogeneous Isotropic and Anisotropic Models in the
Gauge Theory of Gravity, C.Sc. Dissertation, Byelorussian State University, Minsk
[24] A.A. Andronov, E.A. Leontovich, I.I. Gordon, and A.T. Meyer, 1973 Qualitative Theory
of Secon Order Dynamic Systems, John Wiley & sons, New York
[25] Nguyen Van Hoang, 1990 Evolution of Homogeneous Gravitating Systems and Cosmo-
logical Pertubations in the Gauge Theory of Gravity, C.Sc. Dissertation, Byelorussian
State University, Minsk
[26] D. Lorentz, 1981 Gen. Relat. Gravit., 13, 795.
17
